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TENTH ORDER MOCK THETA FUNCTIONS IN
RAMANUJAN’S LOST NOTEBOOK (IV)

YOUN-SEO CHOI

ABSTRACT. Ramanujan’s lost notebook contains many results on mock theta
functions. In particular, the lost notebook contains eight identities for tenth
order mock theta functions. Previously the author proved the first six of Ra-
manujan’s tenth order mock theta function identities. It is the purpose of this
paper to prove the seventh and eighth identities of Ramanujan’s tenth order
mock theta function identities which are expressed by mock theta functions
and a definite integral. L. J. Mordell’s transformation formula for the definite
integral plays a key role in the proofs of these identities. Also, the properties
of modular forms are used for the proofs of theta function identities.

1. INTRODUCTION

In S. Ramanujan’s last letter to G. H. Hardy [BR], Ramanujan described a mock
theta function, which is a function f(q) defined by a g-series which converges for
| ¢ |[< 1 and which satisfies the following two conditions:

(1) For every root of unity (, there is a theta function 6:(¢) such that the
difference f(g) — 6¢(¢) is bounded as ¢ — ¢ radially.

(2) There is no single theta function which works for all (: i.e., for every theta
function 6(gq) there is some root of unity ¢ for which f(q) — 6(q) is unbounded as
q — ( radially.

He then provided a long list of ‘third order,” ‘fifth order,” and ‘seventh order’
mock theta functions together with identities satisfied by them. Further identities
can be found in Ramanujan’s lost notebook [RA].

In his lost notebook [RAL p. 9], Ramanujan also gave a list of eight identities
involving the following four Ramanujan’s tenth order mock theta functions:

0 n(n+1)/2 > q(n+1)(n+2)/2
Z » Pla) = ) J
= (6% nr1’ = (46)nm
i = (~1)ngn D’

,and x(q) =)

n=0 (—@@)2nt1
n—1
where (a;q)y := H (1 —ag™).
m=0
The seventh and eighth identities of Ramanujan’s identities each expresses a com-
bination of ¢(q), ¥(q), and a definite integral. The main purpose of this paper
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is to prove Ramanujan’s seventh and eighth identities. The first six of Ramanu-
jan’s identities were proved by the author [C1], [C2], [C3]. The seventh and eighth
identities are

/°° e—mna’ 1 = x
————dx + esmp(—e )
0o cosh 2% + —1+4\/5 Vn

1 -
5+\/36_T¢(_6_,m)_\/5+ _a x

(1.1) =

2 2\/n
and
o e’ 1 = x
/ —— —dr+ esnih(—e )
2 7\/_
0 cosh% +1 1 5 NG
— n -1 = x
(1.2) = - > 2\/56?1/)(—677”1) + \/25\/5 e ngp(—e n).

G. N. Watson [WG] also provided several third order mock theta function identities
which include the definite integral. Those identities are derived from the generalized
Lambert series for the third order mock theta functions by using Cauchy’s theorem.

We first need to define a few notations. Throughout the paper, summation
indices run through all integers, or through all integers satisfying the conditions
listed under the summation sign.

Notation. For a complex number ¢ with | ¢ |[< 1 and | be |< 1, set
o)
(@0)o = [[ (1 - ag™
m=0
and
(1) Fb,0) = YOG,
J

We can easily verify the following identity:

(1.4) (@% @)oo = (0% 6%) 0 (%65 %) oo = (=3 @)oo (a3 @) o (@%@ ¢%) o0 -
Note that
(1.5) ij(j+1)/20j(j_1)/2 = (=b;b¢) 0o (—¢; b¢) oo (be; bC) 06

J
is called the Jacobi triple product identity [B1] p. 35], and

(1.6) f(=4,—4%) = (¢ Q)

is called Euler’s pentagonal number theorem [BIl, p. 36].
In [CT], the author derived the following results:

(1.7)

V(@) f(—2,—2'¢"") = Li(—q,2) + a1(q) f (=2, =2 '¢"°) + 2¢A(zq %, ¢, ")
and
(1.8)

d(q)f(—2,—2'¢"") = La(—q, 2) + a2(q) f(—2,—2'¢"%) + 2¢A(z¢ ", ¢, ¢°),
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n 5n +5n n+1

1.9 — =2
( ) Z 10n+3z ’

1 n 5n +5n—1 n+1

(1.10) = QZ qlon+1y ’

( )(q 22 f(—zx,—z" a1 q)

(1.11) S SRl T v e T E——
_ ( 5)00( ) f(_q2’_q8)

(1.12) ai(q) = e )f(_q{ i 7

and

(1.13) as(q) = (q55q5)oo(q10;q10)oof(_q47_qﬁ).

(=% =®) (=%, =)

These two identities (1.7) and (1.8) show that two tenth order mock theta func-
tions can be expressed in terms of generalized Lambert series and theta functions.
D. Hickerson [HI|, [H2| derived similar results for fifth and seventh order mock
theta functions, and G. E. Andrews and Hickerson [AH]| derived similar results for
sixth order mock theta functions. The author [C2] also derived similar results for
the other tenth order mock theta funcions X (¢) and x(g). We will prove (1.1) and
(1.2) with (1.7), (1.8), and the transformation formula for the definite integral [ML]
which is provided by L. J. Mordell. In [MLL p. 333], Mordell provided the following
formula related to the definite integral:

(1.14)
/00 emiwt”® —2mzt —ri(6®wr262t20) (& + 00) Jw, —1/w] + iwF (z + fw, w)
7dt = e ?
- e2nt _ o2mif well(m + Gw, W)

where

q = €™ with I(w) >0,

R .

. B (_1)mqm +m+1/4e(2m+1)7rzz
(1.15) iF(z,w) = ; T )
and
(1.16) i011(2,w) = Y (1) T DT,

m

In Section 2, we prove nine theta function identities. Six of them are proved
by using properties of modular forms. In Section 3, using (1.14), we derive an
identity which shows that the definite integral in (1.1) can be expressed by F(z,w)
and 611 (z,w). Then, applying the generalized Lambert series (1.9) and (1.10), and
the two identities (1.7) and (1.8) to the identity, we find that the definite integral
in (1.1) is represented by é(q), ¥(q), and theta functions. Simplifying the sum of
theta functions by using the identities in Section 2, we complete the proof of (1.1).
In Section 4, we will also prove Ramanujan’s eighth identity by methods similar to
those in Section 3.
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The author would like to thank Dr. Andrews and Dr. Berndt. I couldn’t have fin-
ished the proofs of all eight Ramanujan’s identities in page nine of his lost notebook
without their help.

2. PROOFS OF THETA FUNCTION IDENTITIES

In this section, we will prove nine theta function identities. To prove first three
identities, we need the next three theorems.

Theorem 2.1. For 0 <|q|<1, z#0, and y # 0,
fl=z, =27 ) f(~y, —y ') = f(zy, (zy) ') f(z " yg, 2y~ "q)

—zf(zyq, (zy) 'q) f =y, 2y~ ')

Proof. See Theorem 1.1 in [HT} p. 643]. O
Theorem 2.2. If 0 <| g |< 1 and a, b, ¢, and d are nonzero complex numbers,
then
—1 b a 1 C d
0=af(—ab,—(ab)" q) f(——, —7a) f(—cd, =(cd) " q) f(—=, —=q)
a b d ¢
_ c b _ a d
+bf(=be,=(be) ') f (=7, =) f(—ad, —(ad) " q) f (==, ——q)
b’ ¢ d a
_ a c _ b d
+ef(—ac,—(ac) " q) f(—=, == q) f(=bd, —(bd) " *q) f(—~, =7 4).
¢ a d b
Proof. See Theorem 3.5 in [C1], p. 545]. O

Theorem 2.3. If ab = cd, then
(i) fla,b)f(c,d) + f(—a,~b)f(—c, —d) = 2f(ac, bd) f (ad, bc)

and

(i) fla,b)f(c,d) — f(—a,=b)f(—c,—d) = 2af(l—), Eabcd)f(é7 éabcd).

c'b d' b
Proof. See Entry 29 in [BI] p. 45]. O
Theorem 2.4. If | g |< 1, then
(=¢% =600 (0" 4" o f (=¢*, —¢%) q(—q5;—q5)io(q10;q10)io
f(=a*¢*) f(—a* —¢®) f(@®,¢°)* f(—q* —¢°)

f(_q7 _qg)f(q3a q7)f(q4a q6)

f(=a*,—d%) f(a,4°)
Proof. Replacing ¢, =, and y by ¢°, —q, and ¢2, respectively, in Theorem 2.1, we
find that

21) flg.a) (=" =) = f(—=*, —d") f (=", —°) + af (=, =) F(—a*, = ).

Replacing ¢, a, b, ¢, and d by ¢'°, ¢, ¢%, ¢°, and ¢, respectively, in Theorem 2.2,
we find that

(2.2)
f=, - f(=a®,—a") f(—q*, —4%)
= f(—¢,- ) (=", =®V f (=", =) + af (=4, =) F (=, —=¢*)* F (—=¢®, —¢").
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Multiplying both sides of (2.1) by f(—¢?, —¢®)f(—¢*, —q"), and using (2.2), we find
that
(2.3)
f(=*=a*) f(=¢* =d") f(a,a") f (=% —4?)
= f(=4,~¢") f(—d",~a°)* f(=¢*, =¢*) + 24 f (—q, 4" f (=¢*, =¢*)* F (—a°, —d").
Now, dividing both sides of (2.3) by
f(=a, =) (=", —=a*)*F (=’ —a") f(=¢", =) f(=a°, —a*) [ (a"°; ¢"") %
using (1.4), and replacing ¢ by —¢q, we complete the proof of theorem. O
Theorem 2.5. If | ¢ |< 1, then
(0% —0")oe (4" 4" ) e (=% =a%) (=% =) (a"5¢"")5
fla,=a") f(=a* —¢°) H@a®)?f(=¢* —¢®)
_ f(=d*=d)f(a.4")f(¢* a*)
f(=a® =a®)f(a*qd")
Proof. Replacing ¢, =, and y by ¢°, ¢, and —q?, respectively, in Theorem 2.1, we
find that

(24) f(=¢,=a")f(* %) = f(=a", =) [(=¢*, —=d") — af (=4, =) [ (=a*, ).
Replacing ¢, a, b, ¢, and d by ¢'°, ¢*, ¢, ¢°, and ¢?, respectively, in Theorem 2.2,
and dividing both sides of Theorem 2.2 by ¢, we find that
(2.5)

af (=4, —4")*f(=a*, =a*) f (=", —¢°)

= (=", =)’ f(=*, =V [ (=°, =¢") = (=4, ="V f(=a’, —4") f(=q", =¢°)*.
Multiplying both sides of (2.4) by f(—q, —¢°)f(—q*, —¢°®), and using (2.5), we find
that
(2.6)

f(=a, =" f(=a*,=¢®) f(=a, —a") f(*, &)

=2f(=¢,~") [ (=’ =4V f(=q",=¢°)* = f(=*, =a*)* f(—=¢*, =d") [ (=¢*. —4°).
Now, dividing both sides of (2.6) by

f=a, =) [ (=*, =) f(=*, =a") f(=q", =a°)* f(=a°, —=a°) / (a"*; ¢"°)%.,

using (1.4), and replacing ¢ by —¢q, we complete the proof of theorem. [l

Theorem 2.6. If | ¢ |< 1, then
F(=4", =) (%, ¢%°) + ¢ F(=¢°, =" [ (¢, 4®°)
+ (=", =) f(@",¢*) — a" f(=a", —4") F(a"°,¢*)
— @ f(=a*, =) f(d°.q") — a" f(=a"°, —¢*) f(a*, 4*°)
(2.7) =2f(=¢", —a") f(=4*, —¢"*).
Proof. Let ab = c¢d = ¢°° in Theorem 2.3. Replacing @ and ¢ by —¢'® and ¢%?,
respectively, in Theorem 2.3 (i), we find that

2.8)  f(=d",=a®)[(@®, ) + F(=a®, =) f(d"°,¢*) = 2f (=", —¢*°)*.
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Replacing a and ¢ by —¢® and ¢%?, respectively, in Theorem 2.3 (ii), we find that
(2.9) f(=¢*,=4")f(d*,¢®) = [(=a*°, ") [(®,¢*°) = =28 F (—*°, —¢*).
Replacing a and ¢ by —¢° and ¢'°, respectively, in Theorem 2.3 (i), we find that
(2.10)
F=a*,=a") (. a%) + f(=¢"", =) f(@°,4"°) = 2 (=¢*°, =¢*°) f(—4"*, —¢™).
Thus, by (2.8), (2.9), and (2.10), the left side of (2.7) equals
2f(=4", =4")* = 2¢°f (—=¢*°, —¢™)* = 2¢" f(—¢*°, —¢>) F(—4"*, —¢°°).
Now, in [B2] p. 191], we find that, for | z |< 1,
f(xA,z/A)f(xB,2/B) = f(2°A*B, 2’ A 2B~ ') f(z° A" B% 2°AB™?)
+2Bf(2"A?B,2*A72B ) f(2° A" B? x AB™?)
+ B f(23A’B, 2" A2 B f(x AT B? 2% AB™?)
+2Af(2?A’B, s A2B ) f(x* A7 B% 2T AB?)
(2.11) + A f(2A?B, 2% A2 B ) f(a" AT B2 2 AB?).

Multiplying both sides of (2.11) by 2, and replacing z, A, and B by —¢*°, ¢%, and
q 2, respectively, in (2.11), we find that

2f(=¢", —4"") f(—4*, ="
=2f(=4¢"% =4")* = 2¢°F(—=¢*°, —¢*)* = 2¢" F(—=¢*°, —=¢**) F(—¢"", —¢*°).
Thus, we have completed the proof of this theorem. O
We will prove six eta-function identities by using the properties of modular forms.

Definition of the Dedekind eta-function. Let H = {z: Im z > 0}. For z €
H, ¢ = €™ and any positive integer n, define

o0
(212) y(nz) :=n, = e ] (1 =) = ¢31(¢"5¢")oe = 431 f(—4", —"").

m=1

Definition of the generalized Dedekind eta-function. Let H = {2 : Im =
> 0}. For z € H, ¢ = €*™* and any positive integers n, m, define

ad 00
Un,m,(z) = Tnm = ewiPQ(%)nz H (1 — eQﬂ—ikZ) H (1 _ e%rikz)
k=1 k=1
k=m(modn) k=—m(modn)
(2.13) _ g S )
(4" 4")oo

where Py(t) = {t}? — {t} + % is the second Bernoulli function, and {t} :=¢ — [¢] is
the fractional part of ¢.

In this paper, we only consider the cases with m # 0(mod n) for 7, m.

Definition of the modular group. The modular group is the set of linear frac-

b
tional transformations T, T'(z) = az———:_—d, where a, b, ¢, and d are rational integers
cz
such that ad —be = 1. The modular group is denoted by I'(1). Let I'; (IV), where N

az+b

is a positive integer, be the set of linear factional transformations U, U(z) = gt
cz
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where a, b, ¢, and d are rational integers such that ad — bc = 1, ¢ = 0(mod N),
and a = d = 1(mod N).

Clearly, I'1 (N) is a subgroup of I'(1).

Definition of a fundamental region. Let I" be a subgroup of I'(1). A funda-
mental region for I' is an open subset R of H such that (a) for any two distinct
points z1, zo in R, there is no T' € T" such that T'(z1) = 22, and (b) for any point
z in H, there is some point z3 in the closure of R such that 77(z) = z3 for some
T eT.

Definition of a standard fundamental region. Let I' be a subgroup of I'(1)
with cosets A1, As, ..., A, in the sense that I'(1) = | Ji; T A;. Then

w
R= U A; (a fundamental region for I'(1))

i=1
is called a standard fundamental region for IT.

Definition of a cusp. Let R be a fundamental region of I'. A parabolic cusp of
I" in R is any real point ¢, or ¢ = oo, such that ¢ € R, the closure of R in the
topology of the Riemann sphere.

Definition of a modular form of weight r. Let r be a real number. A function
F(z), defined and meromorphic in H, is said to be a modular form of weight r with
respect to ', with multiplier system v, if

(a) F(z) satisfies F(Mz) = v(M)(cz + d)"F(z) for any z € H and M €T,

(b) there exists a standard fundamental region R such that F(z) has at most
finitely many poles in R N H, and

(¢) F(z) is meromorphic at g;, for each cusp g; in R.

The multiplier system v = v(M) for the group I is a complex-valued function of
absolute value 1 satisfying the equation

’U(MlMg)(CgZ + dg)r = U(Ml)U(MQ)(ClMQZ + dl)T(CQZ + dg)r

a1z + b a2z + bo
for My, My € T, where M = ——— M = = = d M- =
or My, Ms , Wbere 1(2) ot dy 2(2) ot dy’ an 3(2)
aszz + 03
My M = =,
(M1 M>)(2) et ds

Let {T, r, v} denote the space of modular forms of weight r and multiplier system
v on I', where I is a subgroup of I'(1) of finite index.
Let ord(f; z) denote the invariant order of a modular form f at z. Let Ordr(f; 2)

1
denote the order of f with respect to I', defined by Ordr(f;z) := Zord(f; z), where
£ is the order of f at z as a fixed point of T'.

Theorem 2.7. The Dedekind eta-function n(z) is a modular form of weight 1/2
on the full modular group T'(1).

Proof. See Theorem 10 in [KM] p. 43]. O
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Theorem 2.8. The multiplier system v, of the modular form n(z) is given by the

following formula: for each M = (Z Z) e I'(1),

\ a

ac(1—d?)+d(b—c)+3(d— 1) if d is odd and either ¢ > 0 or d > 0,

) bd(l ) +cla+d)— 30 Zf c is odd
vp(M) = >

<| - |> CEe=ddb=elt3(d=1) r 1 4 odd, ¢ < 0, d < 0,
where (a4 1s a primitive 24th root of unity.
Proof. See Theorem 2 in [KM| p. 51]. O
Theorem 2.9 (The valence formula). If f € {T,r,v} and f # 0, then

ZOrdp(f;z) = pr

zZER

1
where R is any fundamental region for T', and p:= —[['(1) : T.

12
Proof. See Theorem 4.1.4 in [RR]. O
Lemma 2.10. If mqi,ms,...,mo, are posiltive integers, n is a positive integer,
N is a positive even integer, and the least common multiple of my,mao, ..., may

divides N, then, for z € H, n(miz)n(mez)---n(ma,z) € {T'1(N),n,v}, where
A= <z b> € T1(N), Cay is a primitive 24th root of unity, and

d
2 C/m‘ 2
i=1
Proof. See Lemma 2.2.4 in [C3]. O

1
Lemma 2.11. For a positive integer n, [['(1) : T1(n)] = n? [[(1 — — ), where the

product is over all primes p dividing n. o

Proof. See Lemma 2.6.5 in [C2]. O

Theorem 2.12. For z € H, let f(2):= T[] nn''(2), where 1y, ., are integers.
0<men

N
I > = > = =
f nPy(— - )rn m =0 (mod 2) and - Py (0)rpm =0 (mod 2),
n|N n|N
0<m<n 0<m<n

a b

then f(z) € {T'1(N),0,I}, where for M = (c d) eTy(N), I(M) =1.

Proof. See Theorem 3 in [RS], p. 126]. O
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Theorem 2.13. For z € H,

ﬂégﬂ%o,z7710,37720,27720,477100,50
X (—7750,57752)0,107750,157750,2577100,40 =+ 150,57150,1077150,157150,207150,2577100,40
- 77?0,15ﬂ§0,20ﬂ50,2577100,20 + 27750,57750,1577§o,207750,2577100,4o
—2775%0,57750,207750,2577100,3077%00,40 + 7752)0,57750,157750,2077%00,4077100,50)
(2.14) = 77%077%3077%0,1ﬂ%o,2ﬂ§0,8ﬂ50,107750,1577%0,207750,2577%00,50~

Proof. For1 < <7, let f} be the product of eta-functions in each of the 7 products
in (2.14), and g; be the product of the generalized eta-functions in each of the 7
products in (2.14). Each f} is the product of 18 eta-functions, and by Theorem
2.10 and a straightforward calculation, each f! is a modular form of weight 9 on

I'1(300) with the multiplier system vy, where for A = (Z Z) € I'1(300), v1(A) =

f%c(afadkd)ﬂzbdﬁ(dfl). By Theorem 2.12 and a straightforward calculation, each
g} is a modular form of weight 0 on I'; (300) with the multiplier system I. Therefore,
each flg! is a modular form of weight 9 on I';(300) with multiplier system v;. By
Theorem 2.11, [I'(1) : T'1(300)] = 57600. Let Fy denote the difference of the left and
right sides of (2.14). Applying Theorem 2.9 (the valence formula), for a fundamental
region R for I';(300), we deduce that, for F7,

9 - 57600
(2.15) Z Ordr, (300)(F1; 2) = ———— = 43200 > ord(F;c0),

12
zER

since both sides of (2.14) are analytic on R. Using Mathematica, we calculated
the Taylor series of Fy about ¢ = 0 (or about the cusp z = co0) and found that
Fy = O(¢*3?01). Unless F is a constant, we have a contradiction to (2.15). We
have thus completed the proof of Theorem 2.13. O

Theorem 2.14. For z € H,

7751,87710,177%8,27720,67720,877100,50
X (150,57150,10750,157150,207150,2571100,20 + 7750,57750,1577?0,207750,2577100,20
- 7752,0,57752,o,1oﬂ50,25ﬂ100,40 - 27750,5775%0,107750,157750,2577100,20
—27750,10n§0,157750,2577100,1077%00720 + 7750,57750,1077§0,1577%00,2077100,50)
(2.16) = 77%077%8077%8,277%0,37720,47750,5775%0,107750,207750,2577?00,50-
Proof. For1 <i <7, let f? be the product of eta-functions in each of the 7 products
in (2.16), and g2 be the product of the generalized eta-functions in each of the 7

products in (2.16). Each f? is the product of 18 eta-functions, and by Theorem
2.10 and a straightforward calculation, each f? is a modular form of weight 9 on

I'1(300) with the multiplier system vo, where for A = (CCL Z) €I'1(300), v2(A) =

1 ela—ad?®— _

o1 cla—ad’~d)+12bd+3(d~1) By Theorem 2.12 and a straightforward calculation, each
g? is a modular form of weight 0 on I'; (300) with the multiplier system I. Therefore,
each f2g? is a modular form of weight 9 on I'1(300) with multiplier system vs. Let
F5 denote the difference of the left and right sides of (2.16). Applying Theorem
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2.9, for a fundamental region R for I'1(300), we deduce that, for Fs,

9 - 57600
(2.17) > Ordr, (300 (F2; 2) = — 5 = 43200 > ord(F; 00),

zZER

since both sides of (2.16) are analytic on R. Using Mathematica, we calculated
the Taylor series of Fy about ¢ = 0 (or about the cusp z = co0) and found that
Fy = O(q*?%1). Unless F» is a constant, we have a contradiction to (2.6). We have
therefore completed the proof of Theorem 2.14. O

Theorem 2.15. For z € H,
(2.18)
2.2 10,3
N5M10075,16,1
3 3 302 2 2
X (7750,57750,1077100,4077100,50 =+ 1150,15"50,2077100,2071100,50 — 7750,107750,2077100,25)
_.2.2 . 10,3 .2 2 2 2 2
= N20M25"5,1"6,17120,5"125,57125,107150,107150,20-

Proof. For1 <i <4, let f2 be the product of eta-functions in each of the 4 products
in (2.18), and g3 be the product of the generalized eta-functions in each of the 4
products in (2.18). Each f? is the product of 14 eta-functions, and by Theorem
2.10 and a straightforward calculation, each f? is a modular form of weight 2 on
I'1(300) with the multiplier system vs, where for A = (Z Z) € I'1(300), v3(A) =

ic(afadkd)ﬂwﬁ(dfl). By Theorem 2.12 and a straightforward calculation, each
g3 is a modular form of weight 0 on I'; (300) with the multiplier system I. Therefore,
each f2g? is a modular form of weight 2 on I'1(300) with multiplier system v3. Let
F5 denote the difference of the left and right sides of (2.18). Applying Theorem
2.9, for a fundamental region R for I'; (300), we deduce that, for Fj,

2 - 57600
(2.19) Z Ordr, (300)(F3; 2) = ————— = 9600 > ord(F3;00),

zER 12
since both sides of (2.18) are analytic on R. Using Mathematica, we calculated
the Taylor series of F5 about ¢ = 0 (or about the cusp z = co) and found that
F3 = 0(q%°1). Unless Fj is a constant, we have a contradiction to (2.19). We have
thus completed the proof of Theorem 2.15. |

Theorem 2.16. For z € H,
(2.20)
Ufﬂgoﬂfo,177%,27710,37720,2
X (7750,57750,157750,2577100,50 + 150,5750,157750,2571100,30 — 7150,57150,157150,2577100,10
—7752,0,57750,1577100,50 - 7750,57752,0,2577100,30 + 27752,0157750,2577100,30 - 775%0,157750,2577100,10)
= 77%0775077%0,177:1))0,27730,47730,87750,57750,157750,25'
Proof. For1 <i < 8, let f# be the product of eta-functions in each of the 8 products
in (2.20), and g} be the product of the generalized eta-functions in each of the 8
products in (2.20). Each f{ is the product of 4 eta-functions, and by Theorem

2.10 and a straightforward calculation, each f# is a modular form of weight 2 on

I'1(300) with the multiplier system vy, where for A = (Z Z) € T'1(300), v4(A) =
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3 cla—ad?®— _
o1 cla—ad’~d)+12bd+3(d—1) By Theorem 2.12 and a straightforward calculation, each

g} is a modular form of weight 0 on I'; (300) with the multiplier system I. Therefore,
each fig} is a modular form of weight 2 on I'1(300) with multiplier system v,. Let
Fy denote the difference of the left and right sides of (2.20). Applying Theorem
2.9, for a fundamental region R for I'1(300), we deduce that, for Fy,
2 - 57600
(2.21) > Ordr, (300 (Fa; 2) = 5 = 9600 > ord(Fy; %),
ZER

since both sides of (2.20) are analytic on R. Using Mathematica, we calculated
the Taylor series of Fy about ¢ = 0 (or about the cusp z = co) and found that
Fy = O(¢%°). Unless F} is a constant, we have a contradiction to (2.21). We have
thus completed the proof of Theorem 2.16. |
Theorem 2.17. For z € H,
(2.22)
77?0773077507710,17710,47720,47750,87750,57750,157750,2577200,5077200,100
X (1110,1720,10M50,107100,40 — 4710,37120,27150,1071100,40
+ 110,1720,10750,207100,20 + 6710,37720,27150,201100,20)
- 47710,17710,47720,47750,87740,107750,57750,107750,157750,207750,2577200,100
X (N10M30M307100710,1730,10M20,20 + T10720771007710,37120,27130.10)
= 77?()773077507750,577507107750,157750,2077100,5077200,5077200,100
% (1180,17120,6730 87120, 10 — 41710,17110,37710,47120,27130,57120,8 — 7150,37120,27130,47120,10)
+ 77§0773077507750,57750,107750,207750,2577100,3077200,5077200,100
X (2070,1120,67130,87120,10 + 21110,177110,37710,47720,2770 57120,8 + 3130,37120,27130,47120,10)
— 130730750750, 10750,157750,207150,2571100,1071200,5071200,100
X (3170,1120,67130,87120,10 — 27110,17710,37710,47120,27150,57120,8 + 21170,37120,27130,47120,10) -
Proof. For 1 < i < 15, let f? be the product of eta-functions in each of the 15
products in (2.22), and g? be the product of the generalized eta-functions in each
of the 15 products in (2.22). Each f7 is the product of 12 eta-functions, and by

Theorem 2.10 and a straightforward calculation, each f? is a modular form of weight

6 on I'1(200) with the multiplier system vs, where for A = <(i Z) € I'1(200),

1 c(a—ad?— -
vs(A) = (%) 21206((1 ad”—d)+22bd+3(d—1) By Theorem 2.12 and a straightforward

calculation, each ¢? is a modular form of weight 0 on I'; (200) with the multiplier
system I. Therefore, each fPg? is a modular form of weight 6 on I'1(200) with
multiplier system vs. By Theorem 2.11, [I'(1) : I';(200)] = 28800. Let F5 denote
the difference of the left and right sides of (2.22). Applying Theorem 2.9, for a
fundamental region R for I'1(200), we deduce that, for Fs,

6 - 28800
(223) Z O’I"drl(zoo) (}’—‘57 Z) = T = 14400 Z Ord(FEﬁ; OO);

zER

since both sides of (2.22) are analytic on R. Using Mathematica, we calculated
the Taylor series of F5 about ¢ = 0 (or about the cusp z = co) and found that
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Fs = O(q'*%%1). Unless Fj is a constant, we have a contradiction to (2.23). We
have therefore completed the proof of Theorem 2.17. |

Theorem 2.18. For z € H,

(2.24)
8 3.3 2 2
M10"M20"507110,17120,47120,67120,87150,57150,157150,2571200,507]200,100
X (7710,17720,107750,1077100,40 — 110,17120,107)50,2077100,20 — 27710,37720,27750,2077100,20)
10, 2 2 2 3
+ 4110720 M50711007110,17710,37120,27120,47120,6 7120,87120,107140,107750,57750,107)50,15 750,20
2
X 1100,2571200,100
_ .8 .3 .3
= T0"20"507150,107150,2071200,5077200,100
3 2 3 2
X (7710,17720,67720,87720,107750,57750,1577100,50 + 110,37120,27120,47120,107150,57150,1571100,50
2
- 27}10,17710,37720,27720,47720,57720,67720,87750,57750,2577100,30
3 2 3 2
— 110,37120,27]20,47120,107]50,57150,2571100,30 — 7]10,17120,67120,87120,107150,157]50,257]100,10

2
+ 27}10,17)10,37720,27720,47720,57720,67720,87750,15 7750,2577100,10)~

Proof. For 1 < i < 10, let f§ be the product of eta-functions in each of the 10
products in (2.24), and g¢ be the product of the generalized eta-functions in each
of the 10 products in (2.24). Each f§ is the product of 14 eta-functions, and by
Theorem 2.10 and a straightforward calculation, each f9 is a modular form of weight

7 on I'1(200) with the multiplier system vg, where for A = <z Z) € I'1(200),

10 Le(a—ad?—d)+2bd+3(d—1
ve(A) = (m) 54 ( Jravdsay),

By Theorem 2.12 and a straightforward calculation, each ¢¢ is a modular form of
weight 0 on Ty (200) with the multiplier system I. Therefore, each fSg¢ is a modular
form of weight 7 on I'1 (200) with multiplier system vg. Let Fg denote the difference
of the left and right sides of (2.24). Applying Theorem 2.9, for a fundamental region
R for T'1(200), we deduce that, for Fg,

7 - 28800
(2.25) Z Ordr, (200)(F6; 2) = ———— = 16800 > ord(Fp; o0),

12
zZER

since both sides of (2.24) are analytic on R. Using Mathematica, we calculated
the Taylor series of Fs about ¢ = 0 (or about the cusp z = co0) and found that
Fs = O(q'%8%1). Unless Fg is a constant, we have a contradiction to (2.25). We
have thus completed the proof of Theorem 2.18. O

We have proved six eta-function identities with the properties of modular forms.
In the next step, we will derive six theta function identities from the eta-function
identities above.
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Theorem 2.19. For|q|< 1,

(2.26)
(=% —4") f(=4", =¢°) f(=¢", —¢*°)

(@ (=" —=q") — " F (=", —¢*"))

—
S
w
~
—~
|
S
-
[$28
|
S
w
[$28
S~—
s
—
LS
[
=3

80) —2¢*f(—¢°, —¢*) f(—¢*°, —¢*))

f(—q15,—q35)f(—q10,—qgo)f(—q”,—q o)
N F(=¢°, =q*)? f(=¢"°, =¢®)(¢°%; ¢*°)?
(=%, =¢®) f(—=q"°, —¢°") f(—=¢*°, =¢*°) f (—¢*0, —¢"°)
_ f0 =2 (=% =) (0% 0" (6% %)
f(=¢% =" f(—=a? —¢'®) f(—q* —q'%)
Proof. By applying n100,50n%00 = 12, to the right side of (2.14), dividing both

sides of (2.14) by ¢ 81, 27710,37120,27120,47150,107150,15720,207150,25./ N300, and apply-
ing (2.12) and (2.13), we derive (2.26) from (2.14). O

Theorem 2.20. For|q|< 1,

(2.27)

f(=4", =) f(=a*°, —¢**) f (=4, —¢*°)
f(=q"0, =q")?

(@ F(=a"% =¢") + f(=¢*°,—"))

f(= ¢*° 950)< f(—q 45)f( 40 60 204 F(— 1B —a35) F(—g20. _ 80
7f(q20,q>q 0% —4") +2¢" f(—=¢", =) F(=¢*°, —¢™))
_gpdlza ', q35)2f(—q2°,—qgo)(q‘m;q5°)oo(q1°°,q10°)
f(= q5, )f(—q3°7—q7°)f(—q40,—q 0)
iy f(=q", )Qf(—qzo,—qso)(q5°;q5°)3
f(=q¢?, q25)f( 10 q%) f(—=¢*, =) f(—q*°, —¢%°)
R D )(q % ¢")00(¢%% ¢*°)

f(=q¢,—q )f( —q') f(—¢® —q'?)

Proof. By applying n100,50m%0 = 12, to the right side of (2.16), dividing both
sides of (2.16) by ¢50 1387101716, 27120,67120,8750,57150, 107150,207150,25 /1300, and applying
(2.12) and (2.13), we derive (2.27) from (2.16). O

Theorem 2.21. If | g |< 1, then

(2.28)
5 [ (=0, —a®) (=", —¢**) f(=¢*°, —¢*°) f (—¢"°, —¢°°)
1 f(=q?0,—¢%0)2
F(=a®,—a®) F (=, =) [ (=¢*°, —¢*) f (=¢°°, —¢"°)
f(_q107 _q40)2

+ =3¢ f(—q®, —¢")?

= (=4, —¢")*.
Proof. By applying 125 5725,10m25 = 15 to the right side of (2.18) in Theorem 2.15,

dividing both sides of (2.18) by ¢ n2ni%ng 112, 10120 20, and applying (2.12) and
(2.13), we derive (2.28) from (2.18). O
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Theorem 2.22. For|q|< 1,

(2.29)
£ ) (=, =) + P f(a"®,¢*°) f(—q*® q )= f(dq®) f(=d®, —q")
=" f(@® ) f(—¢°, —q®) - ( ' 35)f( 7*°,—q*)

+2¢°f(a",4®) f(=a°, —4") —q f(q ,q*) f (= q157—q35)
_ f(—qv—q )(a": 4" o ("% a5
f(_qB, _(]'7).](‘(_(]27 _q18)

Proof. We can easily derive that, for any integers n,

(2.30) (4% ¢%°)2, f(—q?", —q'00—2n)
(qIOO; q100>oof(_qn, _q50,n)

Now, applying 720720,4720,8 = 74 to the right side of (2.20), dividing both sides

of (2.20) by q%774%77%0,177%0,27710,37720,27750,57750,157750,257 applying (2.12), (2.13), and
(2.30) with n replaced by 5, 15 and 25, repeatedly, we complete the proof. [l

=f(q",q""").

Theorem 2.23. For|q|< 1,

(2.31)
20 a0y [ F(=0—a°) (0% 0" (d"¢")% _ _ 4 16ype/_ 8 _ 12
f@®.q )( F S v ——— 4qf(=q",—a") f(=q", —q ))
9\, 4. 4
o (I )
4,6 (50 150 F(=4,—°)(¢"; ¢") ("% ¢ ) 16\ g8 _ 12
4°f(q™q )< J{ Sy p— +af(=¢", =) f(—¢", —q ))
o os (T4 =0 (=05 =" (0" ") oo (675 %)
= s (e i e "
—q

s e f(=a%=dD)Pf(=q", - 16)( iq ) (*°5¢*) 0
AR R A T Sy Yy ) >
15 35y (of (0 =0")f (=% —¢")(¢"; ¢") (q $0%)so
Tl )<2 f(=a®,—q) f(—q% —q"®) f(—q*, —¢'%)
20— _q15)z+3qf(—q3,—q7)2f( q* - qm)(q it ) (¢*%¢*) o )
’ (=48, —q"?)

f(=¢. =) f(—=q5 —a**) f
a0 o (o (56— F (=65 =) (" 4" ) (q ¢ )oo
RSk )<3 f(=a3,—q") f(=¢? —'®) f(—q*, —¢'©)
o5 152 f(=¢*,—=¢")f(=q*, —¢*° )( ql) (4*% ¢*°)
20/ (=4" ~¢") + 2 f(=a. =) f (=% —q") f(—¢®, —q'?) )

Proof. Applying n3,n20,10 = 130, 7120740,10 = 710, 7207120,4720,8 = N4, and 150750,10 X
750,20 = 110 to (2.22), diViding both sides of (2.22) by q% 77%07720771071771073772072772074 X
1120,67120,87150,57150,107150,157150,207150,2571200,5071200, 100, and applying (2.12), (2.13), and
(2.30) with n replaced by 5, 10, 15, 20 and 25, repeatedly, and with ¢ and n replaced
by ¢* and ¢°°, respectively, we derive (2.32) from (2.22). O
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Theorem 2.24.

(2.32)
20 30y J (=0, —°) (g% ¢*) oo (45 ¢*°)2
A ™) f(=a3,—a") f(—4* —q'®)
9N A A 10. ,10\2
—*f(q",¢") (f( f‘i’_q‘i,)_(‘;;)f()_f";i?_;‘fs))w +2¢f(—q¢*, —¢'%) f(—¢°, —q12))
+44" f(¢*°,¢"°) f(—q", =" f(—¢®, —¢"?)
(g%, %) (f(—q, —¢°)’ (=4, —¢")(¢"; ¢") 0 (¢*°; ¢*°)
’ F(=a3,—q") f(—a% —¢'®) f(—q*, —¢'F)
f(_q37_q7)2f(_q47_qlﬁ)(qlo;qlo)oo(qQO;QQO)oo>
f(=a,=¢°) f(—=q5, —q"*) f(—q®, —¢'?)
- f(d".¢*) <2f(—q57 —q'%)?
f(=a%, —a)? f(—=q*, —4"%)(¢"% ¢"*) 50 (¢*; q2°)oo>
f(=¢, =) f(—=q% —a**) f(—q®, —q*?)
s sy (FE6 =) (=65 =) (0" 4") e (6% 6%) 0
THE )( f(=a® —a") f(—a% —¢"®) f(—q*, —¢'%)

—2qf(—¢°, —q15)2> :

+q

+3q

Proof. Applying 77307720,10 = 77%07 7120740,10 = 7110, 71207]20,47120,8 = )4, and 75071100,25
= 125 to (2.24), dividing both sides of (2.24) by q%77?07)207)%07710,17;10’37720’27720’4><
1120,67120,87150,57750,107150,157150,20750,2577200,50711200,100, and applying (212)7 (213)7 and
(2.30) with n replaced by 5, 10, 15, 20 and 25, repeatedly, and with ¢ and n replaced
by ¢* and ¢°°, respectively, we derive (2.32) from (2.24). O

3. PROOF OF RAMANUJAN’S SEVENTH IDENTITY
In this section, we will prove Ramanujan’s seventh identity, (1.1).

Theorem 3.1 (Ramanujan’s seventh tenth order mock theta function identity).

/°° e—mna’ 1 = =
———dx + esmp(—e )
0o cosh 2”7;’ + —1+4‘/5 Vn

54+V5 _zn N x
5 ¢ 5 p(—e ™) — 5n ).

Proof. Replacing w, «x, t, and 6 by 5in, —5n, % +1, and 6’ — i, respectively, in the
left side of (1.14), we find that

0 ewiwtz—wat e57rn—27r oS} e—7rnz2
(3.1) —dt = 5 dz.
oo eQTrt _ 6271'19 \/3 oo 6% _ 627.”'9/

Replacing 0" by % in (3.1), and using (1.14), we have

21z

—0 eVvs +e 5 5’571911(2”1, 5m)

o0 —mnz? ) 2 iy . .
(32) / eimdz — \/36%7% F(57 5n) 5”}7‘(2”’[,7 5Zn)
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and replacing 0’ by % in (3.1), and using (1.14), we have

(3 3) /oo —mnz? & — \/ge%_% F'(%7 ﬁ) — 5nF(3in, 5m)
. 27z i -

Co Vs 4% 5inf11(3in, 5in)
Using (3.2) and (3.3), we can easily derive that

o0 e*ﬂ'na‘" 1 o0 e*ﬂ'na‘"
/0 cosh 252 1 [ 5/00 cosh 27Z i
/s T 1 /5

- 4
1 [ e~mna’ 1 1
:__/ . . T < 2nz | ;. 27z w)dw
2 ) oo ising \14emts  14evi 5

_ 2 _ 2
_ 1 6_ 51' /OO e NI dx - e%i /OO '6 NI dm
2isin g -0 62L\/g +e 5t —o0 eix/g +est
_ V545 67%+MF(§, =) — 5nF(2in, 5in)
5n\/2 611(2in, 5in)

(3.4) 42 F(2,L) —5nF(3in, 5in)
' 911(31'71, 5171)

I3

Let ¢ = e~™. Then, using (1.15), (1.16), (1.3), (1.10) with ¢ and z replaced by
—q and ¢*, respectively, (1.8), (1.11) with ¢, 2z, and z replaced by —¢°, 1 and ¢?,
respectively, (1.13) with ¢ replaced by —¢, and Theorem 2.4, we can derive that

5+/5 <6w5n ton F(200,5i0) _sn o, F(3in, bin) >

2 911(2”1, 5m) 911 (3in, 5m)
(_1)mq5m2+9m+3 (_1)mq5m2+9m+3
Zm 10m+5 Zm 10m+5
_ [t V5 a 1+ glom+ 1+ gom+
2 f(=q*,—4%) f(=q* —d%)

_ /5+\/56_% La(q,q%)

2 f(_q4a_q6)
AV (o (0% =) (0" 0" f (=t %)
B 2 ¢ (qb( 2 f(=a% %) f(—4? —q®)

(—¢% —q5)é(q10;q10)§o)

%)% f(—q* —q%)
- [5+ \/56,% f(=a, =) [ (@, a") f(q*, ¢°)
2 f(=q*, =% f(q,¢°)

2 e
) =y ey

We now need to use the following transformation formula for 677 in [MT] p. 330]:

T 1

(3.6) 11 (=, —=) = —ivV—iwe™™ /“0,, (z, w).
W w
Replacing 2 and w by 2in and 5in, respectively, in (3.6), we find that

2 i
(3.7) oz, %) = —iv/Bne™ "5 011 (2in, 5in),
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and replacing « and w by 3in and 5in, respectively, in (3.6), we find that

3 9nx
(3.8) 911(5 B ):—Z\/ ne %% 011 (3in, 5in).
Let ¢ = e %, a = 62?, and § = es = —a Then, using (3.7), (3.8), (1.15),
and (1.16), we find that
(3.9)
i (e PG e PG | _FGa)  FGgp)
Vhn 6011(2in, 5in) 011(3in, 5in) 911(% 5n) 9 1(% )
()" (1 - g
Zm 1+ 2m+1

L (=1 qi”urma””
By (1.3), we easily reformulate the denominator of the right hand side of (3.9):
(3.10)

2
§ :(_1)m m +m 2m __ § :a2l § : m+lq25m +10mi+-1"+5m+1

= (1 — ag)f(_ql —4°) = ¢ (0® = a®) f(=q1%, —a1).

2m-+1 4m—+2 6m-+3

Now, multiplying by 1—g¢; +q; —q +q; both the numerator and the
denominator of the numerator of the right side of (3.9), we find that the numerator
of the right side of (3.9) equals

8m—+4

(3.11)
( 1)m m2+m 2m

Z i +(J;10m+5 {1 _9 ( 2m+1 q4m+2 + q?m+3 - qu+4) - qi0m+5}

m

m+z (5m+l) +(5m+1) o l0m+21

4
:ZZ 1+ 50m+1oz+5

=0 m

10m+20+1 _  20m+4i+2 | 30m+61+3 _  40m-+8l+4 50m+101+5
x{1-2(q — 4 tq — ) — & I®

We will transform some of the generalized Lambert series in (3.11) into Ly and Lo,
and we need the following hypergeometric series from [GR|, p. 128] to handle the
other generalized Lambert series in (3.11):

(—a'/2;q)n(aq/b; @)nlaq/c; @)n(aq/d; q)n(aq/e; q@)n \ bede

(qa"/?; )n(—qa"’?; )n (b3 )n (¢; O (d; @) (€5 ) qa?
S e 3
7)o (aq/bc; @)oo (aq/bd; q) o (aq/be; ) (ag/cd; ) (agq/ ce; @) o

__(ag;
(ag/b;q

)oo (a0/¢; q) 0o (aq/d; @)oo (aq/ €5 @)oo (4/b5 @) 00 (4/ €5 @)oo (¢/d5 @) o
. (aa/de; 4)o (g 4) o (a/ )
(q/€;q)o0(qa? /bede; q) o

provided | ga?/bede |< 1.

Replacing ¢, a, b, and ¢ by —¢3°, ¢}, \/q}i and —+/q}i, respectively, in (3.12),
letting d and e tend to oo, and using (1.3), (1.5), and (2.30) with n replaced by 5,

(3.12)
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we find that
50 5
Z(_l)m,q25m2+5m1 —a"" " f(=a], %) (=01 — a7 oo (67 7)o
— ! 1+ @0m+s f(a}, qf®)
(3.13) F=at, —ai*) F (=i —ai°) F(= a1 =) (@™ a1 ™)d

(=Y =) f (=20, —0) F (=i, —q0) f(—a3°, —q]®)?

Replacing ¢, a, b, and ¢ by —g¢i°, ¢i°, \/qi®i and —+/q{%i, respectively, in (3.12),
letting d and e tend to oo, and using (1.3), (1.5), and (2.30) with n replaced by 15,
we find that

Z(_l)m,q25m2+1sm1 —a " (=l 0l (=0 ) oo (675 7)o
- ! 1+ g0t fla®, )
(3.14) _ fEa a0 (a0 ) f (=, — ) (6™ ai ™5

f=a®, =) f(=ai®, =) f (=ai® —ai") f(=a2°, —a{®)*
With Entry 8(vii) in [BI], p. 114], we find that

(_1)m,q55m2+15m - -
(3.15) Z 1 +q50m+15 =fl-ai’s—a")"
1

m

Using (1.9), (1.10), (3.11), (3.13), (3.14), and (3.15), we find that
(3.16)

Z 2m-+1

= L+q
=1+ a®) (1 L1(q7, ¢1°) — a{ L2(a3, 1) — ¢ ' L1(¢°,¢*°) — °L2(4°, ¢"°))
+ (@ +a®)(¢°L1(¢°, 1) + ¢*La(d®, ¢*°) + ¢ ' L1(¢°, ¢*°) + qL2(d°, ¢*°))
—2a*(qL1(q°,¢"°) + qL2(q°, ¢*°))
f(=a?,ai°) (—=a2% —63%) oo (43°; 47°) oo
f(a?,qt®)
2 f(=at®, ai®) (=3 —43%) o0 (47% 7°) oo
f(ai?, ¢3)

To proceed to the next step, we need the following result, which can be proved by
a the simple calculation:

1-2a*+ a8 :z‘\/‘r’_;/g(—

2
(=D)mg" e (1 — g™

+(1+a®

—(a®+a% —20*¢% f(—qi®, —q°)*.

=

* +a),

(3.17) —1+a2+a6—a8:i\/5_2 5(1—a8) or i 5+2\/3(—a2+a6),
a? —2at +ab =i 5+2\/5(1—a8).

Transforming Ly and Lg in the right side of (3.16) into the sums of 1(¢) and theta
functions, and ¢(q) and theta functions, respectively, with (1.7) and (1.8), using
(3.10) and (3.17) to simplify the terms related to ¢(q) and v (q), using (1.11), (1.12),
and (1.13), replacing ¢ by ¢; in Theorem 2.19, Theorem 2.20, and Theorem 2.21,
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and applying Theorem 2.19, Theorem 2.20, and Theorem 2.21, we find that the
right side of (3.16) equals

(3.18)

2 5—VD 5 )
Syt marn (i BB g 4 iy 2 g

m

+ (140 ( —qa1 (=) f(=a1% =) + 28 A(6°, 47, —a3)
—2¢{%Alq; 1%, —¢°) + a1 " ar (=) F(—=a3%, —°) + Glaz (7)) f (a1, —qi°)
9GS AP, 10, — ) +f(—t1?,qf°)(—fﬁ5;—fo’)oo(qi’o;qi’o)oo>
1 1 1 1
L f(d5,q%)
T (0 +a% <2q1 A, — b ~a®) — las(—a?) f(—al®, i)
— g7 tar(—=a0) F(—a?% —ai°) + 261 A(a]°, — 4}, —4¥°) — quaa(—a}) F (=30, —4i°)

_ _ 25, _ 25 50. 50
+2q?A(q%0,q%0,—q%5) _qu( 415 ai”)( Q1175 (Z315 )oo(47°5 G )oo)
fla?s ai®)
+ 20 (al(—q?)f(—qi°7 —q1°) + a2 (=) F (=4, =) — 240 f(—ai°, —4i”)?

¢ f(—qi°, —4”)
_Z mm+m Q2™ 71 q1¢ (h
+(1+a8)f( ql’_ql) QIa ql 7q1 Q1 7Q1 %)

f( Q17 Q1)f( Q17—Q1 )f( Q17 Q1)
o ey J=at —al)? F(=at =) (1% 41°) o (675 47%) oo
(™ +a%)a f=q, =) f(=af, —ai*) f(—qf, —qi?)
+ 20t @ f(—q _(h ) .

Therefore, by (3.9), (3.16), and (3.18), we derive

(3.19)
\4 5 + \/5 e—%—iﬂrn F(%7 ﬁ) _ e—%—i—Qﬂ'n F(%’ %)
5n\/_ 911(2in, 5171) 911(3”1, 5m)
o1 V5+1 5 5+V5 1

-1 5 )
%(JI 1Z)(_Q1) 2\/— ¢( QI)+Z \/lO_n Z ( ) m+ma2m

sy (a1, =) F (=48, —a1*) (1% 61%) 0 (67%5 67%)
. (O o) f(=a@, —a)) f(—a}, —ai®) f(—qi, —ai)
o ey J(=dd =) f(=al —ai%)(@1” 60°) o (0175 67°) o
N {7 TWc) YT e )y e )

+2atq1 f(—q3, —qi5)2) -
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To complete the proof of Theorem 3.1, we need the following identities. Using (1.3),
we can derive that Zm(—l)mq{”um'ﬁm equals
1= f(=af, —ai?)

if y = e™/3,

(1 =) f(=a% —ai") = (v* = °)ai f(—=ai® —ai®)

(3.20) s

ify=e

L+ f (0 6% — (VP + )3 F(al°, ai®) + 29 S F(a3°, a1™°)
7i/10 73i/10

ify=e ory=e

and Zm(—l)mq{’ﬂ’ﬁm equals
F(=a2°, =a®) = (P + %) f(=ai® —ai®) + (" +1°)ai f(—a?, —ai®)
if v = eﬂ"i/5 27ri/5’

f@,6°) — (VP =) f(af®, at®) + (v = %)at f(dF, a1®)
Tri/lO or 637Ti/10.

ore
(3.21)
ify=e

Recall that ¢ = e™™ and ¢; = e~ 5». By (1.3), (1.16), and (3.6), we are able to
derive the following four identities:

9 i anc m 24+m e2m Tt
—q, — = — e 5 20n 10 10,
f(=a,—q) 1 Ton (-1
flg,¢°) = —e%" Zm(—l)mq;nzez’mﬁ
(3.22) on -
f q,q e’s m 5 ,
(¢*.q") = \/1— 2m(=1)"q
4 g0 e _ 2e2m275”'.
fla*¢®) = T Yo (1)
By (3.22), we find that
(3.23)
F4, =)@ a0 %) _ 1 e e
fla,4%) ~5n

04 0 () S, (<) 5, (1) e
S (= 1) e?m i

Recall that a = ¢?™/® and o® = 1. By (3.20), (3,21), Theorem 2.22 with ¢ replaced
by ¢1, and Theorem 2.6 with ¢ replaced by ¢, the numerator of the right side of
(3.23) equals

o (1+ ) (7, ¢°) + (@® + oY)t f (a1 a1”) + 2047 f(¢7°, ™°))
x (f(q3°, qu) +(a+a)q f(a” 6°) + (@@ +®)qi f(a1, 41°))
X (f(=°, —ai°) — (@ + &) f(—aq1°, —¢°) + (o + o)t f(—¢7, —4i®))
=a*((1+a®)f (q1 L 30) + (@ + agd F(a”, i) + 2000 F(6°, 1))

—q1, — Q17Q1) (Q%();qp)go 2 3 4 16 8 12
X —2(a* + ) f(—q1,—q1 ) f(—q1, —q
( ql,—ql)f( i, —aqi®) ( ) o b
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~ (a+ad)f(g? q30)f(_(ha —4))(at; 4o (1% 1 )%
- 1 241
f(=a?, —al) f(—ai, —ai®)
+2¢1 £ (g% i) f(—at. —ai®) (=}, —a1?)

f(=a1, =) (gt; a)so (41”5 41°)2
+ (@ + o)t f (a1 q1°) =
P f(=a3, —a)) f(—a}, —ai®)

=224 a+ )@ f(al®, ) f(—at, —a®) f(—af, —a1?)

208 F (0. 415 fl=a1,—a?)(at: at) o (a1%; 410)2,
1 1 41
f(=a, —a)) f(—ai, —a1®)

(3.24) —4(a® +a®)q{ f(a1" ™) f(—at, —a®) F (=, —a1®).
Here, we easily calculate that o + o* = %‘/g, a? +ad = _15‘/5, and 2 + o +
at = 3”'2—‘/5 Now, let LS; = —1xthe left side of (2.31) with ¢ replaced by g1,

LSy = %xthe left side of (2.32) with ¢ replaced by ¢1, RS1 = —%Xthe right side

of (2.31) with ¢ replaced by ¢1, and RSy = %xthe right side of (2.32) with ¢
replaced by ¢1. Then, we easily verify that the right side of (3.24) equals the sum
of LSy and LS5. Therefore, we can say that the right side of (3.24) equals the sum
of RS; and RSs. Using (3.21), we can find that the sum of RS; and RSs equals

o+ a4)f(q§57q%5)f(—q1, —0)*f (=4}, a1 (@1 11" oo (47% ¢7°) o
f(=a, —a)) f(—at, —ai®) f(—qi, —4i®)
+2qf (6, ) f (=}, —a1”)?
(@2 + 0¥ (g, ) f(=ad, =) f (=i, —a1%)(@1°; 41%) oo (47%; ¢7°) o
f=a, =) f(=a8, —ai") f(—af, —ai®)
3 qlf(q%57q§,5)f(—q17 -2 f (=, =) (1% a1 oo (01" 47%) o
f(=at, —a)) f(—af, —ai®) f(—ai, —4i®)
+2(0® + )i f(a1, ) (=3, —a1”)?

F=ad, —aD)*f(=at, =19 (@1 1) 0 (47%; 67°) 0
fl=aq,—a)) f(=a8, —ai") F(—4¥, —ai?)
f=a1, =) F (=8, =) (41% 61°) oo (67%5 41°)
f(=a, —a)) f(—at, —ai®) f(—qi, —4i®)

+2(a+ o) f(q7, ) f (=t —a1”)?

+ (e ) f(=ad, =) f (=i, —a1%)(a1°; 41%) o0 (41%; 47°) 0
f=ai,—a)) f(=a8, —ai*) f (=4}, —ai?)

= a(f(@ a®) + (@@ + ) f(af® i®) + (a + o) g f(@7, 41°))

" ((1+as)f(—q1,—q?)2f(—q§,—q%Q)(q%O;qio)oo(q%o;q%o)oo

f(=a, —a)) f(—at, —ai®) f(—qi, —4i®)

f(=¢), —a)*f(=at, —a1) (a1 a1 oo (a1°; 41°)

f=q,—a)) f(=a8, —ai") F(—d¥, —a1?)

P

— 24+ a+ahg f(a®. )

+2+a®+a®)qi f(a3, qi°)

— (@ + %)@
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" ((1+as)f(—q1,—q?)2f(—q§,—q%Q)(q%O;q%O)w(q%’O;Q%’O)w
f(=a@t, —a)) f(—=at, —ai®) f(—qt, —ai®)
F(=a@}, —a))? F(=at, —ai%) (1% 1) oo (67% 67°) o
f=a, =) f(—=&, —ait) F (=8, — %)
(3.25) +2a'q1 f(—qf, —q%5)2) :
By (3.7), (1.3), and (1.16), we find that

DO G D

—(a® + a6)q1

(326) f(_q4a _qﬁ) = 1, - __nr
Sna~lezone™ 20

By (3.23), (3.24), (3.25), and (3.26), we find that

(3.27)

|5+ \/56_% f(=¢, =) (&, a") f(q*,q°)
2 f(=q*, —q%) f(q,4°)
:_1/5+2\/55 8 i B ledr e
4 Z ( m m 24m 2m 71'6 E ( )m,q{nzeQme{)i Zm(_l)mq{n?eQmZ?

(
1
n
1)mq
zm<—1> g™ a2m S (—1)mgn®e2m Ty
ym

_[5+VE
10n Z (-1

" <(1+as)f(—fha—fh) f(=at, —ai*)(a1° 61") o (475 47°)

7

m +m
a1 2m

f(=a, —a)) f(—a?, —ai®) f(—qt, —ai®)

F(=ad, =) F(—=at, =) (1% 1) o (01°; 41°) o
f=a, =) f (=8, —ai*) f(—=af, —a1?)

T 20 (7, —ql")? )

In conclusion, using (3.4), (3.5), (3.19), and (3.27), we see that we have completed
the proof of Ramanujan’s seventh identity. O

—(0?+a%)q@

4. PROOF OF RAMANUJAN’S EIGHTH IDENTITY

In this section, we will prove the Ramanujan’s eighth identity (1.2). The proof
of eighth identity is similar to that of seventh identity.

Theorem 4.1 (Ramanujan’s eighth tenth order mock theta function identity).

e 1 . -
—dm + —edmh(—e )
/0 cosh 22z 4 1 \/5 Vn

2z
5 — nn 5—1 _«
e ey 4 L L g g
2 2y/n
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Proof. Replacing ¢’ by % in (3.1), and using (1.14), we find that

S —7nz? 1 _
(4.1) / LT e P ) — SnF(in,bin)

2mz 37mi

o eVs fe 5 5inb1(in, 5in)

Similarly, replacing ¢’ by 2 = in (3.1), and using (1.14), we find that

(4.2) /Oo e =B F(5, 5_) — bnF(4in, 5m).
—oo e v + e 5inb11(4in, 5in)

Using (4.1) and (4.2), we find that

o0 —TNnT o —TTNnT
e 1 e
/ —\/_dx = —/ —\/—diﬂ
0 cosh%—i—% 2/« coshQTrT’”—i—%

1/°° e 1 1 J
= —= - — T
2 Oozsm— 14evs SV 14evs 2re oy

1 4n . [ 6*7?"12 oo 6*7?"12
- 37r e’ 2nx dx — 6 5 2nx d(E
 2jsin 37 —3%4
-0 eVvs +e 5 co e Vs + e 5

(4.3)
5—V5 [ xn F(3,25) —bnF(in,5in) 1o F(3,
=———  |e>s 5
5n\/§
Let ¢ = e~™. Then, using (1.15), (1.16), (1.3), (1.9) with ¢ and z replaced by

—q and ¢?, respectively, (1.7), (1.11) with ¢, z, and z replaced by —¢°, 1 and —q,
respectively, (1.12) with ¢ replaced by —¢, and Theorem 2.5, we can derive that

=) — bnF(4in, 5in)
611 (in, 5in) —c 611 (4in, 5in) '

[ — €

5—-+5 ( = F(in, 5in) mn g, F(4i0, 5in) )

2 6011 (in, 5in) 011 (4in, 5in)
(_1)mq5m2+7m+2 (_1)mq5m2+7m+2
5—+5 xn 2m 1+ ¢lom+5 N mo ] 4 gl0m+5
= — e s
2 f(—=¢2 —q®) (=42 —q®)
_ [V s Li(ed?)
2 f(_q ,_q8)
N LR (w(_q)_q(—q5;—q5) oo (@"¢") 0 f (=4, —¢°)
2 fla,—a*) f(=q* —¢°)
_ . 10\2
+2q( q5, g) (q ,q ) )
f(d5,¢°)

~ 5—\/56% 5— = (=% —a") f(q,4°) [ (¢®, ¢®)
\ 72 -V f -, - f(¢3q7)

Replacing z and w by in and 5in, respectively, in (3.6), we find that

1

(45) oz =

) = —iv/Bne” T 01y (in, Hin).
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Replacing z and w by 4in and 5in, respectively, in (3.6), we find that

4
(4.6) 911(5 B ) = —iVbne "5 911(4171 5in).
Let gy = e 5, o/ =%, and #/ = ™5 = —a/~L. Then, using (4.5), (4.6), (1.15),

and (1.16), we find that

.

nm F(%a%) _ lopx F(%a%)

es ——————~ —¢€ - - — :
VBn < 011(in, 5in) 011 (4in, 51”)) 011(%, =)  Ou(3, <)

-t

(_1)mqf12+ma/2m(1
Em 1+ 2m+1

2m (=D ””04’2"1

If we replace a by ' in the right side of (3.9), we can find that the right side of
(3.9) equals the right side of (4.7). And, it’s easy to verify that (3.10), (3.11), and
(3.16) are correct if we replace a by o' in (3.10), (3.11), and (3.16). Therefore, we
find that

(4.8)
2 «
S (=0 e = (1= o) f(—qi°, —l°) — a7 (0 = %) f(—aqi”, —q1°),

m

(4.7) -

and the numerator of (4.7) equals

(4.9)
1+ o) (1 L1(q7, 1) — a1 La(q5, 1) — ¢ ' L1(q°, ¢*°) — ¢*La(q®, ¢*°))
+ (0 + %) (¢°L1(¢°, 1) + ¢°L2(¢°,¢"°) + ¢ ' L1(q°, ¢°°) + aL2(¢%, ¢*°))
— 20" (qL1 (%, ¢"°) + qL2(¢°, ¢°))

J(=@, i) (=% —a7°) o0 (477 47°) o

f(d}, qt)
)2 S=at® i) (=a1% —43°) 00 (475 7)o
fat®,ad)

We also need the following results, which can be obtained by an easy calculation:

+ (14 )

12

+d =2 f(—qi®, —q1°)*.

— (a

(4.10)
1—2a + o8 5+ ( a'? 4+ a'%),
—1+a?+a%—af 5+2\/5 1) or —iy/> 2\/5(—0/24-0/6),
a? — 20/ + o8 \/5(1

Transforming L, and Lo into the sums of ¥(q) and theta functions, and ¢(q) and
theta functions with (1.7) and (1.8), using (4.8) and (4.10) to simplify the terms
related to ¢(q) and 1 (q), replacing ¢ by ¢; in Theorem 2.19, Theorem 2.20, and
Theorem 2.21, and applying Theorem 2.19, Theorem 2.20, and Theorem 2.21, we
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find that (4.9) equals

(4.11)

m 2 m [ [5+VE
D=yt ma iy [ === ()

m

\/5q1¢(—q5)

+ (140 <—q1a1(—cﬁ’)f(—qi°, —1") + 265 A(G°, -3, —a3®)

=202 A, 0t —a®) + @ ' aa (=a]) F (=, =) + qiaa(—a)) f(—a1®, —41”)
g5 020)(_,25. _ 425 50. 50
oS A, 10, — gy 4 L )G —a )0 )oo>

f(a?,qt?)
+ (o + %) <2qioA( 710 —a), —a°) — das(—a) fF(—a1°, —ai®)
— ¢ 'ar(—a) f(—=ai®, —4i°) + 241 A(ai®, =}, —ai°) — qraz(—a0) f(—ai°, —¢i°)
_ _ 25, _ 25 50. .50
+2qu(q%0,q%0,—qf5) _qu( 1% 41°)( (I11»5 %% )oo (4775 47 )oo>
f(Q1 » 41 )
+ 20" (qra1 (=) fF(=a1% —ai%) + qraz(=F) f (=G, —¢3°) — 245 F(—a3°, —qi°)?
- f(=a?°, —4°)?)

= S rgpttmann (i VR gty iy AR p-gt)

(4o ) —q1,—¢))*f (= q?—ql (q107Q%O)OO(q%O;Q%O)OO
f(= (hﬂ_Q1) (—at, —at®) f(—qt, —qi®)
_ (a/2+a/e)q1f(—q17—q1) f=at, =) (@1% a1°) 0o (% 7)o
f=q1,—a)) f(=a8, —ai*") F(—4¥, —ai?)
+2dqu f (=7, —a1”)?.

By (4.7), (4.9), and (4.11), we find that

(4.12)
. \/5_\/5 6% F(%a%) _616:”7 F(%7%)
5n\/§ Gll(in, 5m) 911(4”1, 5m)
1 V5 -1 5. . V5—+5h 1

\/— a1 11)( ) 2\/5 - qd(—q7) +i \/10_71 Z (- )m m2+m om
s (=01, =) F(=af, —a1*) (a1 41°) oo (41 41°) o
. ((Ha ) f(=at, =) f(=at, —ai®) f(=qt, —ai®)
o ey SE@ —a) f(ad, —ai®) (@ 6o (0 470
o gy~ b~ s —a)

+ 201 f (=47, —q1”) ) .
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By (1.3), (1.16), and (3.6), we derive the next two identities:

f(_q3a _q7) = — e’5 —2on 10 Zm,(_l)mqgn’2+m62m3fg

(4.13) | Von

Using (3.22) and (4.13), we find that

(4.14)
f(=¢* —a") f(a.4°) f(a* ¢°) 1 oo
— —— e 2on T 20
f(@®,q") on
/42 ( )m m24+m 2m317{)t ( ) q{”geQm% Zm(—l)m’q{”’262m’%
Zm(—l)mq{rﬁengﬁi .
Recall that o/ = €™/® and o> = —1. By (3.20), (3.21), Theorem 2.22 with ¢

replaced by ¢, and Theorem 2.6 with g replaced by g1, the numerator of the right
side of (4.14) equals

(4.15)
(14 ™) f(g% ¢1°) = (@ =i F(1°,a1°) — 20/ F(@7°, a1™))
X (f(¢7°, 6°) — (@ — a1 f(a1°,¢1°) + (@ = a®)qi f(aF, 417))
X (f(=ai, —@7°) — (@ = )1 f(—a1®, =) — (& — o)l f(—a3, —1®))
A+ ) f(a,q°) — (@ — )i F(a1°, ) — 2/ £ (63", a1™))

Oé

_ .4 10. 1012
( —h q1 (11 )oe (0% 1) —2(a”? = a®)q1 f(—q, - 16)f(—qf,—q%2)>
(-

X

-3, —a)) f (=43, —qi®)
o+ o) g2, g )f(—CIh —01)(913 41 oo (01”5 61°)5
f=at, —a)) f(—=a}, —ai®)

+201 f (2, 0 f(—at, —ai®) f(—df, —ai?)
S=a1, =) (gt a) oo (15 012

f(=at, =) f(—=ai, —a1®)
-22— o' + "G (@, @) f(—at, —a) f (=8, —at?)
968 F(¢2, 1) fl=a, =) (at; ¢ oo (a1®; 1°)%

f(=a, —a)) f(=at, —ai®)

—4(a”? =) f (", i) f (—=at, —a1®) (=i, —a1®).

+(a? = a®)gi f(a1”, a1°)

Here, we easily calculate that —a/ + o/* = %\/g’ a? —a?® = _1"2"/5, and 2 —

o +at = 3_2‘/5. Let LS] = —1xthe left side of (2.31) with ¢ replaced by g1,
LS, = —‘/75 xthe left side of (2.32) with ¢ replaced by ¢1, RS] = —% x the right side

of (2.31) with ¢ replaced by ¢1, and RS} = —%xthe right side of (2.32) with ¢
replaced by ¢1. Then, we easily verify that the right side of (4.16) equals the sum
of LS and LS). Therefore, we can say that the right side of (4.15) equals the sum
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of RS| and RS). Using (3.21), we find that the right side of (4.15) equals

(4.16)
_ ((O/ o) f(g®, q%r;)f(—qu —00)* f(=at, —01*) (41" 61°) oo (1% 41°)
f(=¢, —a)) f(—a, —ai®) f(—qt, —4i®)
=20 f (¢, ) (=43, —a1°)?
(0 — 0 (g ) f(=at, —ai)*F(=ai, —a1®) (1% a1°) oo (67% 41°) o
f=a, =) f(=a8, —ai") f(=af, —ai®)
a1, qu,)f(—ql, - f (=48, =) (1% 1) o (01°; 47%) o
f(=at,—a)) f(—=ai, —ai®) f(—at, —4i®)
—2(? = )G f(a1® a®) F (=47, —a1®)?
f(=¢), —a)*f(=at, =) (a1 1) oo (a1°; 41°)
f=q1,—a)) f(=a8, —ai") F(—4¥, —ai?)
_@ta”— a’3)q;‘f(q?,q;‘5)f(_q1’ —0)*f (=4}, — i) (@1 1) o (47% 7°) o
f(=a, —a)) f(—at, —ai®) f(—qi, —4i®)
+2(a’ — ") fa], i) f (=4}, —a1°)?
_R qiLS)f(_q:l))v =) f(=qt, —ai®) (a1 41°) o (¢1%; q%o)oo>
f(=aq1,—a)) f(=a}, —ai*) f(=d}, —ai?)
= —d/(f(q® a®) + (o = ") f(a1°, ) — (& — )i £ (5, 1))
" ((1 o) F=a,—a)* (=08 —0*) (@1 01%) oo (627 617 o
f(=¢, —a)) f(—a, —ai®) f(—qi, —4i®)
f(=¢!, —a))*f(=at, =) (a1 1)) oo (a1°; 41°)
f=q1,—a)) f(=a8, —ai*) F(—4¥, —ai?)
+2a"q1 f(—qf, —qi5)2)
— Y g ((1 + oyl 0 —a})*f(=af, —a1*) (41”3 91°) oo (47% 47°)
— f(=at, —a)) f(=at, —ai®) f(—ai, —ai°)
f=at, =D (=ai, =a1®)(a1°; 41?00 (67% 41°)
f(=q1,—a)) f(=a%, —ai*) f(=d}, —ai?)

+2a/4(J1f(—(Ii)a —(IiS)Q ) .

+2-ad +dNG flar qf°)

_ (0/2 +a/6)q1

_ (0/2 _’_O/G)q1

By (4.5), (1.3), and (1.16), we find that

Zm(_l)mq;n?era/Qm

4.17 -, -¢®) = .
(4.17) (=, =q°) oo Tem o T
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By (4.16) and (4.17), we find that

5-V5 an f(=¢%—q")f(a,d°) (4%, %)

esq
2 f(=a* —a®) f(a3,q7)
- 5_7\/5 1 20"+9;L07rl\/_06 620n 79;0“
2 Bn’
/42 ( )m m2+m 2m o ( ) q{n262m% m(_l)mq{rﬂezm%‘
S (- S, (S
5— /5 ;

10n Z ( ) m +ma/2m
gy J(— ql,—ql) F(=a8, 1) (1% 1) o (43%5 3% o
. <(1+a ) f(=at, —a)) f(—=at, —ai®) f(—qt, —ai®)
f(=ad, =D f(—at, — 1) (1% 619 oo (43°; 43%) oo
f=a, =) f(—=&, —ai*) fF(=df, —q1?)

_ (0/2 _’_O/G)q1

(4.18) +2aq f(=q3, —qi®)? ) .

In conclusion, using (4.3), (4.4), (4.12), and (4.18), we have completed the proof of

Ramanujan’s eighth identity. O
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